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Abstract
Let X be a metric continua. Let Cn(X) be the hyperspace of nonempty closed subsets of X
with at most n components. In this paper we suppose that Cn(X) is finite-dimensional, Cn(X) is
homeomorphic to Cm(Y ) and nm. We prove that m 2n and we give sufficient conditions on X
under which we can assert that n=m.
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Introduction
A continuum is a nondegenerate compact connected metric space. Throughout this
paper the letter X will denote a continuum with metric d . A nondegenerate continuum
X is said to be decomposable provided that X is the union of two proper subcontinua, X
is indecomposable if it is not decomposable, and X is almost hereditarily indecomposable
provided that each nondegenerate subcontinuum contains a nondegenerate indecomposable
continuum. Notice that each hereditarily indecomposable continuum is almost hereditarily
indecomposable. The converse is not true. For example, if X is a union of two hereditarily
indecomposable continua such that their intersection is a one-point set, then X is almost
hereditarily indecomposable but X is not hereditarily indecomposable.
In this paper we consider the hyperspaces:
2X = {A⊂X: A is closed and nonempty}
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and for each positive integer n,Cn(X)=
{
A ∈ 2X: A has at most n components}.
The hyperspace 2X is considered with the Hausdorff metric H . To simplify, the
hyperspace C1(X) is denoted by C(X). The hyperspace of one-point sets of X is denoted
by F1(X). That is, F1(X)= {{p} ∈ 2X: p ∈X}.
A map is a continuous function. A monotone map is a map with connected fibers.
A continuum X which is irreducible between two points p and q is said to be of type
λ [9, p. 197] provided that there is a monotone map γ :X→ [0,1] such that γ (p) = 0,
γ (q)= 1 and intX(γ−1(t))= ∅ for each t ∈ [0,1]. The map γ is called canonical, and the
sets Tt = γ−1(t) are called layers of X. A layer Tt is called a layer of cohesion, provided
that Tt ⊂ clX(γ−1((t,1])), if t < 1 and Tt ⊂ clX(γ−1([0, t))), if t > 0. In the case that the
map γ has the additional property that each layer Tt is a layer of cohesion X is said to be
of type λ∗.
It is known that each hereditarily decomposable irreducible continuum is of type λ [9,
p. 216]. Thus, if X is not almost hereditarily indecomposable, then X contains a sub-
continuum of type λ.
In this paper we study the following question.
Problem 1. Suppose that dim[Cn(X)] is finite and Cn(X) is homeomorphic to Cm(Y ). Is
it true that n=m?
It is known (see [10, Theorem 7.1]) that if X is locally connected and each arc in X
has empty interior, then Cn(X) is homeomorphic to the Hilbert cube. This shows that, in
Problem 1, it is necessary to ask that dim[Cn(X)] is finite.
The hyperspace C(X) has been largely studied. In [2], models for C(X) when X is a
finite graph are constructed. Some more models for C(X) can be found in [8, Chapter 2]. It
is well known thatC([0,1]) is homeomorphic to C(S1), where S1 is the unit circle centered
in the origin in the plane. In [1], it is shown an uncountable family of continua X such that
there exists a continuum Y such that dim[C(X)] is finite, C(X) is homeomorphic to C(Y )
and X is not homeomorphic to Y . For the case that n > 1, it is difficult to construct models
for Cn(X). The only known result in this subject is the theorem that says that C2([0,1]) is
a 4-cell [7, Lemma 1]. It is also known that C2([0,1]) is not homeomorphic to C2(S1) [7,
Lemma 2]. In fact the following natural question is open for n > 1.
Problem 2. Do there exist two non-homeomorphic continua X and Y such that Cn(X) is
homeomorphic to Cn(Y ) and dim[Cn(X)] is finite?
In this paper we suppose that dim[Cn(X)] is finite, Cn(X) is homeomorphic to Cm(Y )
and nm. Under these conditions we prove:
(a) If X is almost hereditarily indecomposable, then n=m.
(b) m 2n.
(c) If X contains a subcontinuum Z of type λ∗, then n=m.
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As a consequence, if X is hereditarily indecomposable or if X contains an arc, then
n=m.
Almost hereditarily indecomposable continua
A Whitney map is a map µ :C(X)→ [0,1] such that µ(X)= 1, µ({p})= 0, for each
p ∈ X and if A,B ∈ C(X) and A  B , then µ(A) < µ(B). By [8, Theorem 13.4], each
hyperspace C(X) admits a Whitney map. A Whitney level, is a set of the form µ−1(t),
where 0 < t < 1. By [8, Theorem 19.9], Whitney levels are subcontinua of C(X). Given
elements A,B ∈ 2X such that A B and each component of B intersects A, an order arc
from A to B is a map α : [0,1] → 2X such that, if 0  s < t  1, then α(s)  α(t). The
existence of order arcs is proved in [8, Theorem 15.3].
Given p ∈ X and ε > 0, B(ε,p) denotes the ε-ball around p in X. If A ∈ 2X
(respectively, A ∈ Cn(X) or A ∈ C(X)), BH2X(ε,A) (respectively, BHCn(X)(ε,A) and
BHC(X)(ε,A)) denotes the ε-ball around A in the hyperspace 2X (respectively, Cn(X) and
C(X)). Given a subset K of X, denote by Cn(K)= {A ∈ Cn(X): A⊂K}.
The set of positive integers is denoted by N. An n-od in X is a subcontinuum A of X
such that there exists B ∈ C(A) such that A− B has at least n components. It is known
(see [4]) that X contains an n-od if and only if C(X) contains an n-cell.
Given a proper subcontinuum A of X, the semi-boundary of C(A) is defined as
Sb(A)= {B ∈C(A): there exists a path α in C(X) such that α(0)= B
and α(t)−A = ∅ for each t > 0}.
Let m(A) = {B ∈ Sb(A): B is minimal (with respect to the inclusion)}. Semi-bound-
aries were introduced in [5] where, among other things the following two results were
proved.
Theorem 3 [5, Theorem 1.4]. If A ∈ C(X) − {X} and B ∈ Sb(A), then there exists an
element C ∈m(A) such that C ⊂ B .
Theorem 4 [5, Theorem 4.2]. Let n ∈N. Then X contains n-ods if and only if there exists
A ∈C(X)− {X} such that m(A) has at least n elements.
Lemma 5. Let X be a continuum such that dim[Cn(X)] is finite and let A be a
proper indecomposable subcontinuum of X. Let K be a composant of A and n ∈ N. If
C1(K)∩m(A)= ∅, then Cn(K) is an arc component of Cn(X)− {A}.
Proof. Let B,C ∈ Cn(K). It is easy to show that there exists D ∈ C1(K) such that
B∪C ⊂D. By [8, Theorem 15.3], there are order arcs, α fromB to D, and β from C to D.
Using [8, Theorem 15.3], it is easy to show that α([0,1])∪β([0,1])⊂ Cn(D). Using α and
β , it is possible to construct a path fromB to C in the space Cn(D)⊂ Cn(K)⊂ Cn(X)−A.
We have proved that Cn(K) is arcwise connected.
Let Γ be the arc component of Cn(X)− {A} containing Cn(K).
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Proceeding as in the proof of Theorem 11.4 of [13] it can be proved that if γ : [0,1]→
Cn(A) is a map such that γ (0) is a one-point set, γ (0) ⊂ K and A /∈ Imγ , then Imγ ⊂
Cn(K). It follows that if Γ ⊂ Cn(A), then Γ = Cn(K).
Now, suppose that there exists an element B ∈ Γ − Cn(A). Fix an element p ∈K and
let γ : [0,1] → Γ be a map such that γ (0) = {p} and γ (1) = B . Let σ : [0,1] → 2X be
given by σ(t)=⋃{γ (s): 0 s  t}. By [8, 11.5(3)], σ(t) ∈ C(X) for each t ∈ [0,1] and
σ is continuous. Let t0 =max{t ∈ [0,1]: σ(s)⊂A for each s ∈ [0, t]}. Thus σ(t0) ∈C(A).
Therefore, γ |[0, t0] : [0, t0] → Cn(A). By the previous paragraph, γ ([0, t0])⊂ Cn(K). In
particular, σ(t0) is a subcontinuum of A contained in K . Since B  A, σ(1)  A. Thus
t0 < 1. By definition of t0, σ(t0) ∈ Sb(A), and by Theorem 1, there exists C ∈m(A) such
that C ⊂ σ(t0)⊂ K . This contradicts the hypothesis and proves that Γ ⊂ Cn(A) and, by
the previous paragraph, Γ = Cn(K). This completes the proof of the lemma. ✷
Given A ⊂ U ⊂ X, with A ∈ C(X), let Comp(A,U) denote the component of U
containing A. In the case that A = {p} for some p ∈ X, we simply write Comp(p,U)
instead of Comp({p},U). If the continuum X needs to be mentioned, we write
CompX(A,U) or CompX(p,U).
Recall that a nondegenerate proper subcontinuumA ofX is said to be terminal provided
that if B is a subcontinuum of X such that A∩B = ∅, then A⊂ B or B ⊂A.
Lemma 6. Suppose that X and Y are continua and n,m ∈ N are such that there exists a
surjective homeomorphism h :Cn(X)→ Cm(Y ) and dim[Cn(X)] is finite. Then:
(a) If A and B are disjoint indecomposable subcontinua of X, then h(A) and h(B) are
disjoint indecomposable subcontinua of Y , h(F1(A)) ⊂ Cm(h(A)) and h(F1(B)) ⊂
Cm(h(B)).
(b) If there exist A ∈ C(X) and a neighborhood U of A in Cn(X) such that each
connected element of Comp(A,U) is indecomposable, then there exist B ∈ C(Y ) and
a neighborhood V of B in Cm(Y ) such that each connected element of Comp(B,V) is
indecomposable.
Proof. (a) Let A,B be disjoint indecomposable subcontinua of X. Since dim[Cn(X)] is
finite, dim[C(X)] is finite. Thus there exists N ∈ N such that C(X) does not contain N -
cells. Thus [8, Theorem 70.1], X does not contain N -ods. By Theorem 4, m(A) is finite.
Since A contains uncountable many composants, there exists a family {Kj : j ∈ J } of
composants of A such that J is uncountable, C1(Kj ) ∩m(A)= ∅ and Ki =Kj , if i = j .
By Lemma 5, Cn(Kj ) is an arc component of Cn(X) − {A} for each j ∈ J . Therefore,
Cn(X)− {A} has uncountable many arc components.
Since h is a surjective homeomorphism, Cm(Y ) − {h(A)} has uncountable many arc
components. By [10, Theorem 6.2], h(A) is a subcontinuum of Y . It is easy to show that
Cm(Y )− {z} is arcwise connected for each z ∈ Y . Thus, h(A) is not a one-point set.
If h(A) is decomposable, then there exist proper subcontinua D and E of h(A) such
that h(A)=D ∪E. Next, we prove that Cm(Y )−{h(A)} has at most two arc components.
Fix a point p ∈D∩E. Let G ∈ Cm(Y )−{h(A)}. If G h(A), taking an order arc from G
to Y , we have that G can be connected to Y by an arc in Cm(Y )−{h(A)}. Thus G is in the
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arc component of Cm(Y )−{h(A)} containing Y . In the case that G⊂ h(A), we can choose
points p1, . . . , pk in G such that each component of G contains a point pi . Suppose that
p1 ∈ D, let F = {p1, . . . , pk} and F0 = (F ∩ E) ∪ {p}. Then the following pairs of sets
can be joined by an order arc in Cm(Y )− {h(A)}: F and G; F and D ∪F ; F0 and D ∪F ;
F0 and E; {p} and E. Thus G can be connected to {p} in Cm(Y )− {h(A)}. Thus B is in
the arc component of Cm(Y )− {h(A)} containing {p}. Therefore, Cm(Y )− {h(A)} has at
most two arc components. This contradiction proves that h(A) is indecomposable.
Similarly, h(B) is an indecomposable subcontinuum of Y .
Given j ∈ J , h(Cn(Kj )) is an arc component of Cm(Y )− {h(A)}. Thus we can choose
j0 ∈ J such that Y /∈ h(Cn(Kj0)). Given L ∈Cn(Kj0), if h(L) h(A), taking an order arc
from h(L) to Y , we can connect h(L) to Y by an arc in Cm(Y )−{h(A)}. This implies that
h(L) and Y are in the same arc component of Cm(Y )−{h(A)}. This is a contradiction that
proves that h(L)⊂ h(A). We have shown that h(L) h(A), if L ∈Cn(Kj0).
Given a point x ∈ A, there exists a sequence {xr}∞r=1 in Kj0 such that limxr = x .
By the previous paragraph h({xr}) ⊂ h(A) for each r ∈ N, so h({x}) ⊂ h(A). Thus
h(F1(A))⊂ Cm(h(A)). Similarly, h(F1(B))⊂ Cm(h(B)).
Now, suppose that h(A)∩ h(B) = ∅. Let q ∈ h(A)∩ h(B).
Fix an element G0 ∈ Cn(Kj0). Then h(G0) is a proper subset of h(A) and h(G0) has
at most m components. Let h(G0) = G1 ∪ · · · ∪ Gr , where G1, . . . ,Gr are contained
in distinct composants of h(G0). Let L1, . . . ,Lr be the composants of h(A) such that
Li contains Gi for each i ∈ {1, . . . , r}. Since each Li is dense in h(A), it is possible to
find a sequence {Qs}∞s=1 in Cm(h(A)) such that limQs = {q}, each Qs contains exactly
r points and Qs ∩ Li is a one-point set, for each i ∈ {1, . . . , r}. Given i ∈ {1, . . . , r},
there exists a proper subcontinuum Mi of Li such that Gi ∪ (Qs ∩Li)⊂Mi . Using order
arcs from h(G0) to M1 ∪ · · · ∪Mr and from Qs to M1 ∪ · · · ∪Mr , it is possible to join
h(G0) to Qs by a path in Cm(Y ) − {h(A)}. Since h(Cn(Kj )) is an arc component of
Cm(Y )−{h(A)}, Qs ∈ h(Cn(Kj )). Thus there exists As ∈Cn(Kj0) such that h(As)=Qs .
Therefore h−1(Qs) ⊂ A, for each s ∈ N. This implies that h−1({q}) ⊂ A. Similarly,
h−1({q}) ⊂ B . This contradicts the fact that A and B are disjoint and proves that h(A)
and h(B) are disjoint. The proof of (a) is complete.
(b) Let A ∈ C(X) and let U be an open subset of Cn(X) such that A ∈ U and each
connected element of Comp(A,U) is indecomposable. Then A is indecomposable.
Let points p and q be in different composants of A. Taking order arcs from {p}
and {q} to A, it is possible to find proper nondegenerate subcontinua A1 and A2 of A
such that A1,A2 ∈ Comp(A,U). By (a), h(A1) and h(A2) are disjoint nondegenerate
indecomposable subcontinua of Y . Let F = C(A1)∩Comp(A,U).
Let µ :C(X)→ [0,1] be a Whitney map. Given D ∈ F , since, for each t ∈ [0,µ(D)],
the set M(D, t) = µ−1([t,µ(D)]) ∩ C(D) is a subcontinuum of C(D) and, by [8,
Lemma 17.3], there exists t (D) ∈ (0,µ(D)) such that M(D, t (D)) ⊂ U , thus t (D) ∈
(0,µ(A1)) andM(D, t (D))⊂ Comp(A1,U)= Comp(A,U).
Claim 1. For every D ∈ F and E ∈M(D, t (D)), E and h(E) are indecomposable
continua, Sb(E)= {E} and h(C(E))⊂ Cm(h(E)).
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In order to prove Claim 1, notice that E is indecomposable since E ∈ Comp(A,U).
Applying (a) to E and A2, we have that h(E) is nondegenerate and indecomposable.
Suppose that Sb(E) = {E}, then there exists F ∈ Sb(E) such that F = E. Let
α : [0,1]→ C(X) be a map such that α(0)= F and α(t)−E = ∅, for each t > 0. Let t > 0
be such that the set F0 =⋃{E ∪ α(s): s ∈ [0, t]} ∈ U and E − (⋃{α(s): s ∈ [0, t]}) = ∅.
Since the set {⋃{E ∪ α(s): s ∈ [0, r]}: r ∈ [0, t]} is connected in Cn(X) and contains E,
we have that F0 ∈ Comp(E,U)= Comp(A,U). Thus F0 is indecomposable. However, F0
is decomposable since it contains the proper subcontinuumE and E has nonempty interior
(in F0). This contradiction proves that Sb(E) = {E}. In particular, m(E) = {E}. So, by
Lemma 3, if K is a composant of E, then Cn(K) is an arc component of Cn(X)− {E}.
Now, let G ∈ C(E) − {E}. Let K be the composant of E that contains G. Then G ∈
Cn(K) and A2 /∈Cn(K). Thus, G and A2 are in different arc components of Cn(X)−{E}.
Therefore, h(G) and h(A2) are in different arc components of Cm(Y )− {h(E)}. By (a),
h(E) and h(A2) are disjoint. Since each element in Cm(Y )−Cm(h(E)) can be joined by an
(order) arc to Y inCm(Y )−Cm(h(E)), we have that all the elements ofCm(Y )−Cm(h(E))
belong to the same arc component ofCm(Y )−{h(E)}. Since h(A2) ∈Cm(Y )−Cm(h(E)),
we conclude that h(G) ∈ Cm(h(E)). Therefore, h(C(E))⊂ Cm(h(E)).
Claim 2. If D ∈F , then h(µ−1(t (D)) ∩C(D)) covers h(D).
By Claim 1, for each E ∈ µ−1(t (D)) ∩ C(D), h(E) is a subcontinuum of Y and
h(C(D)) ⊂ Cm(h(D)). So, h(E) ∈ C(h(D)). By [8, 11.5(3)], the set G = ⋃{F : F ∈
h(µ−1(t (D)) ∩ C(D))} is a subcontinuum of h(D). Suppose, contrary to Claim 2, that
G = h(D). Given E ∈ µ−1(t (D)) ∩ C(D), h(E) is a subcontinuum of G, so h(E)
and G can be joined by an order arc in Cm(Y ) − {h(D)}. Thus h−1(G) and E can be
joined in Cn(X)− {D}. Thus µ−1(t (D)) ∩ C(D) is contained in some arc component of
Cn(X)− {D}.
By Claim 1, Sb(D) = {D}. In particular, m(D) = {D}. By Lemma 2, if K is a
composant of D, then Cn(K) is an arc component of Cn(X) − {D}. Taking order arcs,
it can be seen that µ−1(t (D))∩C(D) intersects Cn(K) for each composant K of D. Thus,
µ−1(t (D)) ∩ C(D) intersects infinitely many arc components of Cn(X)− {D}. This is a
contradiction that finishes the proof of Claim 2.
Claim 3. For each D ∈F , h(D) is terminal in Y .
Suppose, contrary to Claim 3, that there exists E ∈ C(Y ) such that h(D) ∩ E = ∅,
h(D) − E = ∅ and E − h(D) = ∅. Fix a point q ∈ h(D) ∩ E. By Claim 2, there exists
F ∈ µ−1(t (D)) ∩ C(D) such that q ∈ h(F ). By Claim 1, h(F ) is a proper subcontinuum
of h(D). Taking order arcs from {q} to h(F ), from {q} to E, from E to Y and from h(A2)
to Y it is possible to join h(F ) and h(A2) by an arc contained in Cm(Y )− {h(D)}. Thus,
F and A2 are in the same arc component of Cn(X)− {D}. Let K be the composant of D
that contains F . By Claim 1, Sb(D)= {D}, so m(D)= {D}. Hence, by Lemma 5, Cn(K)
is an arc component of Cn(X)− {D}. Since F ∈ Cn(K), we have that A2 ∈ Cn(K). This
contradicts the fact that D ∩A2 = ∅ and completes the proof of Claim 3.
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Let N = h(µ−1(t (A1))∩C(A1)).Claim 4. The set N is a Whitney level of h(A1).
In order to prove Claim 4, notice that, by Claim 1, each element ofN is a nondegenerate
proper subcontinuum of h(A1). By [8, Theorem 19.9], µ−1(t (A1)) ∩ C(A1) is a
subcontinuum ofC(A1). ThusN is a subcontinuum ofC(h(A1))−({h(A1)}∪F1(h(A1))).
Let E,F ∈ µ−1(t (A1)) ∩ C(A1) be such that E = F . If E ∩ F = ∅, then E ∪ F ∈
M(A1, t (A1)). By Claim 1, E, F and E ∪ F are indecomposable, so E ⊂ F or F ⊂ E.
This is impossible since µ(E)= µ(F). We have proved that E ∩F = ∅. By (a), h(E) and
h(F ) are disjoint. We have shown that the elements of N are pairwise disjoint.
According to [6, Theorem 1.2], in order to prove that N is a Whitney level of h(A1)
it only remains to prove that, if α : [0,1] → C(h(A1)) is an order arc such that α(0) ∈
F1(h(A1)) and α(1) = h(A1), then Imα ∩ N = ∅. By Claim 2, N covers h(A1). So,
there exists G ∈N such that α(0)⊂G. Let s = max{r ∈ [0,1]: α(r)⊂G}. If α(s) =G,
then there exists t > s such that G − α(t) = ∅. Then α(t) ∩ G = ∅, α(t) − G = ∅ and
G− α(t) = ∅. Thus G is not terminal. This contradicts Claim 3 and proves that α(s)=G.
Therefore, Imα ∩N = ∅. This completes the proof of Claim 4.
Let ω :C(A1)→[0,1] be a Whitney map and let t0 ∈ (0,1) be such that N = ω−1(t0).
Claim 5. Each element in ω−1([t0,1]) is indecomposable.
In order to prove Claim 5, let F ∈ ω−1([t0,1]). Taking an order arc from a one-point
set contained in F to F , it is possible to find an element E ∈ N such that E ⊂ F . Let
D ∈ µ−1(t (A1)) ∩ C(A1) be such that h(D)= E. Let α : [0,1]→ C(A1) be an order arc
from D to A1. Notice that, for each t ∈ [0,1], α(t) ∈M(A1, t (A1)). By Claims 1 and 3,
h(α(t)) is an indecomposable terminal (in Y ) subcontinuum of h(A1). If 0  s < t  1,
then α(s) ∈ C(α(t)). Applying Claim 1 to α(t), we obtain that h(α(s)) ∈ C(h(α(t))).
Therefore, h(α(s)) is a proper subcontinuum of h(α(t)). We have shown that h ◦ α is an
order arc from E to h(A1). Let r = max{s ∈ [0,1]: h(α(s)) ⊂ F }. If h(α(r)) = F , then
there exists t > r such that F −h(α(t)) = ∅. Therefore, F ∩h(α(t)) = ∅, F −h(α(t)) = ∅
and h(α(t))−F = ∅. This contradicts the terminality of h(α(t)) and proves that h(α(r))=
F . Therefore, F is indecomposable and Claim 5 is proved.
We are ready to prove (b). Fix an element B ∈ ω−1((t0,1)). Then B is a proper
subcontinuum of h(A1). Thus, there exists an open subset V of Cm(Y ) such that B ∈ V ,
V ∩ ω−1([0, t0]) = ∅ and h(A1) − (⋃{D: D ∈ clCn(Y )(V)}) = ∅. Let F =
⋃{D: D ∈
clCn(Y )(Comp(B,V))}. By [8, 11.5(3)], F is a subcontinuum of Y , F ∩ h(A1) = ∅ and
h(A1)−F = ∅. By Claim 3, h(A1) is terminal in Y . Thus F ⊂ h(A1).
Let G be a connected element of Comp(B,V). Then G⊂ h(A1) and G /∈ ω−1([0, t0]).
Thus G ∈ ω−1([t0,1]). By Claim 5, G is indecomposable.
This finishes the proof of the lemma. ✷
A point p in a continuum X is called a prisioner point if there exists a sequence of
indecomposable subcontinua {Ar}∞r=1 of X such that A1 ⊃ A2 ⊃ A3 ⊃ · · · and {p} =⋂{Ar : r ∈N}. The following lemma is related to Theorem 6.2 of [11].
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Lemma 7. Let X and Y be continua such thatCn(X) is homeomorphic to Cm(Y ), for some
n,m ∈ N, dim[Cn(X)] is finite and X is almost hereditarily indecomposable. Then X can
be embedded into Y .
Proof. Let h :Cn(X)→ Cm(Y ) be a surjective homeomorphism. We prove a series of
claims.
Claim 6. The set of prisioner points of X is dense.
In order to prove Claim 6, let p ∈ X and ε > 0. By [8, Theorem 12.12], there exists a
nondegenerate subcontinuum B1 of X such that B1 ⊂ B(ε/2,p). Then diameter[B1]< ε.
By hypothesis, there exists a nondegenerate indecomposable subcontinuumA1 of B1. Fix a
point p1 ∈A1. Using again [8, Theorem 12.12], there exists a nondegenerate subcontinuum
B2 of A1 such that B1 ⊂ B(ε/4,p1). By hypothesis, there exists a nondegenerate
indecomposable subcontinuum A2 of B2. Thus diameter[A2] < ε/2. Proceeding in this
way it is possible to construct a decreasing sequence of nondegenerate indecomposable
continuaA1,A2,A3, . . . such that diameter[Ar ]< ε/2r−1 for each r ∈N. Thus,⋂{Ar : r ∈
N} = {q} for some q ∈X. Therefore, q is a prisioner point and d(p,q) < ε. This completes
the proof of Claim 6.
Claim 7. If p is a prisioner point and A is an indecomposable subcontinuum of X such
that p /∈A, then h({p}) ∈ F1(Y ).
Let p be a prisioner point of X. Let {Ar}∞r=1 be a sequence of indecomposable
subcontinua of X such that A1 ⊃A2 ⊃A3 ⊃ · · · and {p} =⋂{Ar : r ∈N}. Since limAr =
{p} in C(X), we may assume that A∩A1 = ∅.
For each r ∈ N, let Br = h(Ar). Let B = h({p}). By the continuity of h, limBr = B .
By Lemma 6, for each r ∈ N, h(A) and Br are disjoint indecomposable subcontinua of
Y . Let q ∈ B . Then there exists a sequence of points {qr}∞r=1 of Y such that limqr = q
and qr ∈ Br for each r ∈ N. Applying Lemma 6(a) to h−1, Br and h(A), we obtain that
h−1({qr})⊂Ar . Since
limAr = {p}, limh−1
({qr}
)= {p}.
Thus lim{qr} = h({p}). Hence B = {q}. We have shown that h({p}) ∈ F1(Y ).
Claim 8. h(F1(X))⊂ F1(Y ).
Since we are assuming that X is almost hereditarily indecomposable, for each prisioner
point p ∈ X, we can find an indecomposable subcontinuum A of X such that p /∈ A. By
Claim 7, h({p}) ∈ F1(Y ). By Claim 6, the set of prisioner points of X is dense. Therefore,
h(F1(X))⊂ F1(Y ).
Since X and Y are homeomorphic to F1(X) and F1(Y ), respectively, we conclude that
X can be embedded into Y . ✷
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Continua containing a hereditarily decomposable subcontinuumTheorem 8. Let X be a subcontinuum of a continuum Y. Suppose that dim[Cn(X)] is finite,
Cn(X) is homeomorphic to Cm(Y ) and nm. Then n=m.
Proof. Suppose that n < m. Let k be the maximum positive integer such that Cn(X)
contains a k-cell. Let C be a k-cell in Cn(X). We may assume that the set D =⋃{C: C ∈
C} is a proper subset of X. Fix a point p ∈X−D, let A be a nondegenerate subcontinuum
of X such that p ∈ A ⊂ X − D (see [8, Theorem 12.12]). Let σ : [0,1]k → C be a
surjective homeomorphism and let α : [0,1] → C(A) be an order arc from {p} to A. Let
ϕ : [0,1]k×[0,1]→Cn+1(Y ) be given by ϕ(p, t)= σ(p)∪α(t). It is easy to check that ϕ
is an embedding. Therefore, Cm(Y ) (and Cn(X)) contains a (k + 1)-cell. This contradicts
the choice of k and completes the proof of the theorem. ✷
Corollary 9. Suppose that dim[Cn(X)] is finite, Cn(X) is homeomorphic to Cm(Y ), nm
and X is almost hereditarily indecomposable. Then n=m.
Proof. By Lemma 7, X can be embedded in Y. Then we may assume that X ⊂ Y.
Therefore, Theorem 8 implies that n=m. ✷
Lemma 10. Let A be a decomposable subcontinuum of the continuum X, then, for each
open subset U of C(X) containing A, Comp(A,U) contains a 2-cell.
Proof. Let ε > 0 be such that BHC(X)(ε,A)⊂ U . Let B,C be proper subcontinua of A such
that A= B ∪C.
Case 1. Suppose that B ∩C is connected.
This case has been proven in Case I of Theorem 1 of [12].
Case 2. Suppose that B ∩C is not connected.
Let σ : [0,1] → C(A) be an order arc from B to A. Let t0 < 1 be such that
H(A,σ(t0)) < ε. Let B1 = σ(t0). If B1 ∩ C is connected, then we can apply Case 1 to
B1 and C and we are done. So, suppose that B1 ∩C is disconnected. Choose two different
componentsD1 and D2 of B1 ∩C. Using order arcs from D1 and D2 to C, it is possible to
construct disjoint subcontinua F1 and F2 of C such that D1 ⊂ F1, D2 ⊂ F2, D1 = F1 and
D2 = F2.
Let B2 = B1 ∪ F1, C2 = B1 ∪ F2 and A0 = B2 ∪ C2. Since B1 ⊂ A0 ⊂ A and
H(B1,A) < ε, we have that H(A,A0) < ε. Similarly, for each D ∈ C(A) satisfying
B1 ⊂D, we obtain that H(A,D) < ε. So, taking an order arc from B1 to A, we conclude
that B1 ∈ Comp(A,U) and A0 ∈ Comp(A,U). Since B2 ∩ C2 = B1 is connected, we can
apply Case 1 to B2 and C2 and obtain that Comp(A0,U) = Comp(A,U) contains a 2-
cell. ✷
A dendrite is a locally connected continuum containing no simple closed curves. It is
known that a continuum X is hereditarily indecomposable if and only if C(X) is unique
arcwise connected (see [13, Theorem 1.61]). Next, we prove a local version of this result.
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Lemma 11. Let ε > 0, A0 ∈ C(X) and A be a locally connected subcontinuum of
C(X) contained in Comp(A0,BHCn(X)(ε,A0)). Suppose that, for each A ∈ (Comp(A0,
BHCn(X)(ε,A0)))∩C(X), A is indecomposable. Then A is a dendrite.
Proof. We only need to prove that for each two elements A and B in A, there exists a
unique arc in A joining them.
In order to do this, we assume that A and B are subcontinua of X and we prove some
claims.
Claim 9. If A,B ∈ Comp(A0,BHCn(X)(ε,A0)) and A ∩ B = ∅, then A ∪ B ∈ Comp(A0,
BH
Cn(X)
(ε,A0)).
Let α : [0,1] → C(X) be an order arc from A to A ∪ B . Since H(A,A0) < ε,
H(B,A0) < ε and A ⊂ α(t) ⊂ A ∪ B , we have that A0 ⊂ N(ε,A) ⊂ N(ε,α(t)) and
α(t) ⊂ A ∪ B ⊂ N(ε,A0). Thus α(t) ∈ BHCn(X)(ε,A0), for each t ∈ [0,1]. Since A ∈
Comp(A0,BHCn(X)(ε,A0)) and α(0) = A, α([0,1]) ⊂ Comp(A0,BHCn(X)(ε,A0)). Hence
A∪B ∈ Comp(A0,BHCn(X)(ε,A0)).
Claim 10. If A ∈ Comp(A0,BHCn(X)(ε,A0)), B ⊂ A and C − A = ∅, for some B,C ∈
C(X), then each path joining B and C in C(X) passes through A.
In order to prove Claim 10, let α : [0,1] → C(X) be a map such that α(0) = B
and α(1) = C. Let t0 = max{t ∈ [0,1]: α(t) ⊂ A}. Then t0 < 1. If α(t0) = A, we are
done. Suppose then that α(t0)  A. For each t ∈ [t0,1], let β(t)=⋃{α(s): t0  s  t}.
By [8, 11.5(3)], β(t) ∈ C(X), for each t ∈ [t0,1]. It is easy to show that β is a con-
tinuous function. Thus there exists t ∈ (t0,1) such that A is not contained in β(t)
and, for each s ∈ [t0, t], A ∪ β(s) ∈ BH (ε,A0). Since A = A ∪ β(t0), we have that,
A ∪ β(s) ∈ Comp(A0,BHCn(X)(ε,A0)) for each s ∈ [t0, t]. By the choice of t , A ∪ β(t)
is a decomposable element of Comp(A0,BHCn(X)(ε,A0)). This contradicts the hypothesis
and completes the proof of Claim 10.
We return to the proof that A is a dendrite. Let A = B be elements of A. We need to
prove that there exists a unique arc in A joining them. Since A is arcwise connected,
there exists a one-to-one map α : [0,1] → A such that α(0) = A and α(1) = B . Let
µ :C(X)→ [0,1] be a Whitney map and let s ∈ [0,1] be such that µ(α(t))  µ(α(s))
for each t ∈ [0,1].
Claim 11. For each t ∈ [0,1], α(t)⊂ α(s).
We only prove that α(t)⊂ α(s) for each t ∈ [0, s]. Suppose then that 0 < s.
Given t ∈ [0,1], α(t) ∈ Comp(A0,BHCn(X)(ε,A0)). If C ∈ C(X), α(t) ⊂ C and
C is close to α(t), then, taking an order arc from α(t) to C, it follows that C ∈
Comp(A0,BHCn(X)(ε,A0)). Thus, there exists a closed neighborhood Jt of t in [0,1] such
that
⋃{α(u): u ∈ Jt } ∈ Comp(A0,BHCn(X)(ε,A0)).
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Using this fact it is possible to construct a partition 0= t0 < t1 < · · ·< tr = s such that,
if Ci =⋃{α(t): t ∈ [ti−1, ti]}, then Ci ∈ Comp(A0,BHCn(X)(ε,A0)).
By Claim 9, Cr−1 ∪ Cr ∈ Comp(A0,BHCn(X)(ε,A0)). By hypothesis, Cr−1 ∪ Cr is
indecomposable. Thus Cr−1 ⊂ Cr or Cr ⊂ Cr−1.
If Cr−1 is not contained in Cr , then Cr ⊂ Cr−1 and α(s) ⊂ Cr−1. This implies that
there exists t ∈ [tr−2, tr−1] such that α(s) ∩ α(t) = ∅. Applying again Claim 9, we have
that α(s) ∪ α(t) is indecomposable. Thus α(s) ⊂ α(t) or α(t) ⊂ α(s). If α(s) ⊂ α(t), by
the choice of s, µ(α(s))= µ(α(t)). So, α(s)= α(t). This contradicts the fact that α is one-
to-one. Therefore, α(t) ⊂ α(s). Since α is one-to-one, Claim 10 implies that α(u) ⊂ α(s)
for each u ∈ [tr−2, tr−1]. Thus Cr−1 ⊂ α(s) ⊂ Cr . This contradicts the assumption that
Cr−1 is not contained in Cr and proves that Cr−1 ⊂ Cr .
Hence Cr−2 ∩ Cr = ∅. Proceeding as in the paragraph above, it can be shown that
Cr−2 ⊂ Cr . This argument can be repeated to conclude that C1 ∪ · · · ∪Cr−1 ⊂ Cr .
Thus
⋃{α(t): t ∈ [0, s]} ⊂ Cr . Since the number tr−1 can be chosen as close as we
want to the number s, by continuity of α we can conclude that
⋃{α(t): t ∈ [0, s]} ⊂ α(s).
This proves Claim 11.
Claim 12. If 0 t  u s, then α(t)⊂ α(u).
Suppose that u < s. Let s0 ∈ [0, u] be such that µ(α(v)) µ(α(s0)) for each v ∈ [0, u].
Applying Claim 11 to the map α|[0, u], α(v)⊂ α(s0) for each v ∈ [0, u].
If s0 < u, then α(u) ⊂ α(s0)  α(s). By Claim 10, the path α|[u, s] passes through
α(s0). This contradicts the fact that α is one-to-one and proves that s0 = u. Therefore,
α(t)⊂ α(u).
In a similar way it is possible to prove the following claim.
Claim 13. If s  u t  1, then α(t)⊂ α(u).
Now suppose that β : [0,1]→A is a one-to-one map such that β(0)=A and β(1)= B .
Let s0 ∈ [0,1] be such that µ(β(t))  µ(β(s0)), for each t ∈ [0,1]. We can apply
Claims 11, 12 and 13, so if 0  t  u  s0, then β(t) ⊂ β(u) and, if s0  u  t  1,
then β(t)⊂ β(u). We want to prove that β([0,1])= α([0,1]).
Suppose to the contrary that, for example, there exists s1 ∈ [0,1] such that β(s1) /∈
α([0,1]). We may assume that s1  s0, the case s0  s1 is similar. Since A ⊂
β(s1), β(s1) ∩ α(s) = ∅. Thus, we can apply Claim 9 to obtain that α(s) ∪ β(s1) ∈
Comp(A0,BHCn(X)(ε,A0)). By hypothesis, α(s)⊂ β(s1) or β(s1)⊂ α(s). If β(s1)⊂ α(s),
then α(0) = A ⊂ β(s1) ⊂ α(s). By Claim 10, β(s1) ∈ α([0, s]), a contradiction. Thus
α(s)  β(s1)⊂ β(s0). Since β(0)= A⊂ α(s)  β(s0) and β(1)= B ⊂ α(s)  β(s0), by
Claim 10, there exist t1 < s0 < t2 such that α(s)= β(t1) and α(s)= β(t2). This contradicts
the fact that β is one-to-one and completes the proof that β([0,1])= α([0,1]).
We have completed the proof of the lemma. ✷
We say that X has connected dimension  n at an element p ∈ X (condimp[X] n),
provided that, there exists an open subset W of X such that p ∈ W and for every open
subsets U1, U of X such that p ∈ U1 ⊂ U ⊂W , there exists an open subset V of X such
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that p ∈ V ⊂ clX(V )⊂U1 and dim[BdX(V ) ∩ Comp(p,U)] n− 1. As usual, we write
condimp[X] = n if condimp[X]  n and the inequality condimp[X]  n − 1 does not
hold.
Lemma 12. For each A ∈Cn(X), condimA[Cn(X)] n.
Proof. Let W be an open subset of Cn(X) such that A ∈ W . Let C1, . . . ,Cm be the
components of A. Then 1  m  n. Let η > 0 be such that BHCn(X)(2η,A) ⊂ W and
N(Ci, η) ∩N(Cj , η)= ∅, if i = j . Let k = n−m. First, we are going to show that there
exist open subsets U1, U of Cn(X) such that A ∈ U1 ⊂ clCn(X)(U1)⊂ U ⊂W and, for each
neighborhoodV ⊂ U1 of A in Cn(X), there exists an n-cell C contained in Cn(X) such that
C ∩ intCn(X)(V) = ∅, C − clCn(X)(V) = ∅ and C ⊂ Comp(A,U). We consider two cases:
Case 1. Cm is a one-point set.
Let Cm = {p}. Fix pairwise disjoint subcontinua D1, . . . ,Dm of X such that Ci 
Di ⊂ N(η,Ci), for each i ∈ {1, . . . ,m}. Let q ∈Dm − Cm and ε > 0 be such that ε < η
and B(2ε, q) ∩ A = ∅. For each i ∈ {1, . . . ,m}, let Ui = N(η,Ci). Then Di ⊂ Ui and
U1, . . . ,Un are disjoint open subsets of X.
Let U = BHCn(X)(η,A) and U1 = BHCn(X)(ε,A).
Let V be a neighborhood of A in Cn(X) such that V ⊂ U1. Let δ > 0 be such that
BHCn(X)(2δ,A)⊂ V , B(2δ,p)⊂Um and δ < ε.
Let B = Comp(q,Dm − B(δ,p)). By [13, Theorem 20.3], there exists a point pm ∈
B ∩ clX(B(δ,p)). Since B is a subcontinuum of Dm and p ∈ Dm − B , it is possible
to choose distinct points pm+1, . . . , pn ∈ (Dm − B) ∩ B(δ,p). Choose nondegenerate
pairwise disjoint subcontinua Dm+1, . . . ,Dn of Dm such that pi ∈ Di , for each i ∈
{m+ 1, . . . , n}, and (Dm+1 ∪ · · · ∪Dn)∩ (D1 ∪ · · · ∪Dm−1 ∪B)= ∅.
Let α1, . . . , αn : [0,1]→C(X) be order arcs such that:
αi joins Ci and Di, if i < m,
αm joins {pm} and B and,
αi joins {pi} and Di , if i > m.
Let ψ : [0,1]n→ Cn(X) be given by ψ(t1, . . . , tn)= α1(t1)∪ · · · ∪ αn(tn).
It is easy to check that ψ is an embedding. Thus, the set C = ψ([0,1]n) is an n-cell in
Cn(X).
Since ψ(0, . . . ,0)= C1∪ · · ·∪Cm−1∪{pm, . . . ,pn} and {pm, . . . ,pn} ⊂ clX(B(δ,p)),
H(ψ(0, . . . ,0),A) < 2δ. Thus ψ(0, . . . ,0) ∈ C ∩ intCn(X)(V).
Since q ∈ B ⊂ ψ(1, . . . ,1), H(ψ(1, . . . ,1),A)  2ε. Thus ψ(1, . . . ,1) /∈ clCn(X)(V).
Therefore, C − clCn(X)(V) = ∅.
Let z= (t1, . . . , tn) ∈ [0,1]n, since ψ(z)⊂ ψ(1, . . . ,1)⊂D1 ∪ · · · ∪Dm ⊂ U1 ∪ · · · ∪
Um =N(η,A), ψ(z)⊂N(η,A). Since A= C1 ∪ · · · ∪Cm ⊂ α1(t1)∪ · · · ∪ αm−1(tm−1)∪
B(η,pm) ⊂ N(η,ψ(z)), A ⊂ N(η,ψ(z)). Thus H(A,ψ(z)) < η. We have shown that
ψ(z) ∈ U . Therefore, C ⊂ U .
Since ψ(0, . . . ,0) = C1 ∪ · · · ∪ Cm−1 ∪ {pm, . . . ,pn} ⊂ D1 ∪ · · · ∪ Dm, by [8,
Theorem 15.3], there are order arcs β and γ , from ψ(0, . . . ,0) to D1 ∪ · · · ∪ Dm and
from A to D1 ∪ · · · ∪Dm, respectively, in Cn(X). Clearly, β([0,1])∪ γ ([0,1])⊂ U . Thus
C ∪ β([0,1])∪ γ ([0,1])⊂ Comp(A,U).
We have completed Case 1.
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Case 2. Cm is nondegenerate.
Taking an order arc from a point of Cm to Cm, it is possible to find a proper
subcontinuum P of Cm such that H(Cm,P ) < η.
Let ε > 0 be such that Cm − N(7ε,P ) = ∅ and 2ε < η. Let U = BHCn(X)(η,A) and
U1 = BHCn(X)(ε,A). Let V be a neighborhood of A in Cn(X) such that V ⊂ U1. Let δ > 0
be such that BHCn(X)(2δ,A)⊂ V and δ < ε.
Fix pairwise disjoint subcontinua D1, . . . ,Dm−1 of X such that Ci  Di ⊂ N(δ,Ci),
for each i ∈ {1, . . . ,m− 1}.
Using an order arc from P to Cm, it is possible to construct a subcontinuum B of Cm
such that P  B Cm and H(Cm,B) < δ.
Choose distinct pointspm+1, . . . , pn ∈Cm−B such that diameter({pm+1, . . . , pn}) < δ.
Choose nondegenerate pairwise disjoint subcontinua Dm+1, . . . ,Dn of Cm such that pi ∈
Di , for each i ∈ {m+ 1, . . . , n}, and (Dm+1 ∪ · · · ∪Dn)∩B = ∅.
Let α1, . . . , αn : [0,1]→C(X) be order arcs such that:
αi joins Ci and Di , if i < m,
αm joins P and B and,
αi joins {pi} and Di , if i > m.
Let ψ : [0,1]n→ Cn(X) be given by ψ(t1, . . . , tn)= α1(t1)∪ · · · ∪ αn(tn).
It is easy to check that ψ is an embedding. Thus, the set C = ψ([0,1]n) is an n-cell in
Cn(X).
We claim that ψ(0, . . . ,0) /∈ clCn(X)(V). Suppose to the contrary that ψ(0, . . . ,0) ∈
clCn(X)(V). Then H(C1 ∪ · · · ∪ Cm−1 ∪ P ∪ {pm+1, . . . , pn},A) < 2ε. Thus C1 ∪ · · · ∪
Cm ⊂N(2ε,C1 ∪ · · · ∪Cm−1 ∪P ∪ {pm+1, . . . , pn})=N(2ε,C1)∪ · · · ∪N(2ε,Cm−1)∪
N(2ε,P ∪ {pm+1, . . . , pn}). The sets in the last union are open and pairwise disjoint,
thus Cm ⊂ N(2ε,P ∪ {pm+1, . . . , pn}) = N(2ε,P ) ∪ N(2ε, {pm+1, . . . , pn}). Since Cm
is connected, Cm ∩ N(2ε,P ) = ∅ and Cm  N(2ε,P ), we conclude that N(2ε,P ) ∩
N(2ε, {pm+1, . . . , pn}) = ∅. Thus, there exists i ∈ {m+1, . . . , n} such that pi ∈N(4ε,P ).
Hence, Cm ⊂N(2ε,P ) ∪N(2ε, {pm+1, . . . , pn})⊂ N(2ε,P ) ∪N(3ε, {pi})⊂ N(7ε,P ).
This contradicts the choice of ε and completes the proof that ψ(0, . . . ,0) /∈ clCn(X)(V).
Therefore, C − clCn(X)(V) = ∅.
Since ψ(1, . . . ,1)=D1 ∪ · · · ∪Dm−1 ∪Dm+1 ∪ · · · ∪Dn ∪B , it is easy to check that
H(ψ(1, . . . ,1),A) < δ, so ψ(1, . . . ,1) ∈ C ∩ intCn(X)(V).
Let z ∈ [0,1]n. Since ψ(z) ⊂ ψ(1, . . . ,1) ⊂ N(η,A) and A ⊂ N(η,ψ(0, . . . ,0)) ⊂
N(η,ψ(z)), H(A,ψ(z)) < η. Thus, ψ(z) ∈ U . Therefore, C ⊂ U .
Since ψ(0, . . . ,0) = C1 ∪ · · · ∪ Cm−1 ∪ P ∪ {pm, . . . ,pn}, by [8, Theorem 15.3],
there is an order arc β , from ψ(0, . . . ,0) to A, in Cn(X). Clearly, β([0,1]) ⊂ U . Thus
C ∪ β([0,1])⊂ Comp(A,U).
We have completed Case 2.
We are ready to prove the lemma. Suppose that condimA[Cn(X)] n− 1. Then there
exists an open subset W of Cn(X) such that A ∈W and for every open subsets Z1, Z
of Cn(X) such that A ∈ Z1 ⊂ Z ⊂W , there exists an open subset V of Cn(X) such that
A ∈ V ⊂ clCn(X)(V)⊂Z1 and dim[BdCn(X)(V)∩Comp(A,Z)] n− 2.
In particular, for Z1 = U1 and Z = U , there exists such a V . By construction of U1 and
U , there exists an n-cell C contained in Cn(X) such that C∩V = ∅, C− clCn(X)(V) = ∅ and
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C ⊂ Comp(A,U). Then BdCn(X)(V)∩C separates C . But, BdCn(X)(V)∩ C ⊂ BdCn(X)(V)∩
Comp(A,U), so dim[BdCn(X)(V) ∩ C] n− 2. This is absurd since an n-cell cannot be
separated by a subset of dimension  (n− 2) [3, Corollary to Theorem IV 4]. Therefore,
condimA[Cn(X)] n. ✷
Theorem 13. Suppose that dim[Cn(X)] is finite, Cn(X) is homeomorphic to Cm(Y ) and
nm. Then:
(a) m 2n,
(b) if X contains a subcontinuum Z of type λ∗, then n=m.
Proof. (a) By Corollary 9, we may assume that X is not almost hereditarily indecom-
posable. Then there exists a nondegenerate hereditarily decomposable subcontinuum Z of
X.
By [14, 4.35], we may assume that Z is irreducible. By [9, p. 216], there exists a
monotone map ψ :Z→[0,1] such thatψ−1(t) is a subcontinuum of Z with empty interior
for each t ∈ [0,1], and Z is irreducible between one point of ψ−1(0) and one point of
ψ−1(1).
If 0 s < t  1, let J (s, t)=ψ−1([s, t]).
Fix a Whitney mapµ :C(X)→[0,1]. Define f,g : [0,1]→ [0,1] by f (t)= µ(J (0, t))
and g(t) = µ(J (t,1)). Clearly, f is a strictly increasing function and g is a strictly
decreasing function. Let R = {t ∈ [0,1]: f and g are continuous at t}. By [15,
Theorem 4.30], [0,1] −R is at most countable.
Claim 14. Let s ∈ (0,1) and A = {A ∈ C(Z): J (s, s) ⊂ A⊂ J (s,1)}. Let t ∈ (s,1) ∩ R.
Then dimJ (s,t)[A] = 1.
To prove Claim 14, let B = J (s, t). Since A is a continuum [8, 14.22], dimB[A]  1.
Let s1 = (s + t)/2. Let ε > 0 be such that 2ε < min{d(p,q): q ∈ J (0, s) and p ∈
J (s1,1)}. By [8, Lemma 17.3], there exists δ > 0 such that, if C,D ∈ C(X), C ⊂ D and
µ(D)−µ(C) < δ, then H(D,C) < ε. Since f and g are continuous at t , there exists u,v
such that s1 < u < t < v < 1 and |f (t)− f (r)|, |g(t) − g(r)|< δ/2, for each r ∈ [u,v].
Since R is dense in [0,1], we may assume that u,v ∈ R.
Let U = {A ∈A: A⊂ψ−1([0, v)) and A∩ψ−1((u,1]) = ∅}.
Since ψ is continuous, U is open in A. Clearly, B ∈ U .
Given A ∈ U , J (s, s) ⊂ A, A ⊂ ψ−1([0, v]) and there exists w ∈ (u,1] such that
A ∩ J (w,1) = ∅. Then J (0, s)∪A ∪ J (w,1) is a subcontinuum of Z containing ψ−1(0)
and ψ−1(1). From the irreducibility of Z, Z = J (0, s)∪A∪J (w,1). Thus ψ−1((s,w))⊂
A. In particular, J (s,u) = J (s, s) ∪ ψ−1((s, u]) ⊂ A. Next, we prove that h(A,B) <
2ε. Since J (0, u) = J (0, s) ∪ J (s,u) ⊂ J (0, s) ∪ A, H(J (0, s) ∪ A,J (0, v)) and
H(J (0, t), J (0, v))  H(J (0, u), J (0, v)). Thus H(J (0, s) ∪ A,J (0, t))  2H(J (0, u),
J (0, v)). Since |f (u)−f (v)| |f (u)−f (t)|+ |f (t)−f (v)|< δ and J (0, u)⊂ J (0, v),
by the choice of δ, H(J (0, u), J (0, v)) < ε. Therefore, H(J (0, s) ∪ A,J (0, t)) < 2ε.
Notice that J (s, s1) ⊂ J (s,u) ⊂ A and J (s, s1) ⊂ J (s, t). Let p ∈ B − A. Then p ∈
J (s, t) − J (s, s1). Thus p ∈ J (s1, t) and there exists a point q ∈ J (0, s) ∪ A such that
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d(p,q) < 2ε. By the choice of ε, q /∈ J (0, s). Thus q ∈ A. This proves that B − A ⊂
N(2ε,A), so B ⊂ N(2ε,A). Similarly, A ⊂ N(2ε,B). Hence, H(A,B) < 2ε. We have
shown that U ⊂ BHCn(X)(2ε,B).
Let U1 = {A ∈ A: A ⊂ ψ−1([0, v))} and U2 = {A ∈ A: A ∩ ψ−1((u,1]) = ∅}. Then
U = U1∩U2, so bdA(U)⊂ bdA(U1)∪bdA(U2). Given A ∈ bdA(U1), A⊂ψ−1([0, v]) and
A  ψ−1([0, v)). Thus J (s, s) ⊂ A ⊂ J (s, v) and A ∩ ψ−1(v) = ∅. By the irreducibility
of Z, Z = J (0, s) ∪ A ∪ J (v,1). So, ψ−1([s, v)) ⊂ A ⊂ ψ−1([s, v]). Let {vn}∞n=1
be an increasing sequence in (s, v) such that lim vn = v. By the continuity of f at
v, limµ(J (0, vn)) = µ(J (0, v)). Let C = clZ(⋃{J (0, vn): n ∈ N}). Since J (0, v1) ⊂
J (0, v2) ⊂ · · · , limJ (0, vn) = C ⊂ J (0, v). By the continuity of µ, limµ(J (0, vn)) =
µ(C). Thus µ(C) = µ(J (0, v)) and C ⊂ J (0, v). Hence, C = J (0, v) and J (0, v) =
limJ (0, vn). Given a point x ∈ ψ−1(v), there exists a sequence {xn}∞n=1 such that limxn =
x and xn ∈ J (0, vn) = J (0, s) ∪ J (s, vn) for each n ∈ N. Then there exists N ∈ N such
that xn ∈ J (s, vn)⊂ A for each n N . Hence, x ∈ A. We have shown that ψ−1(v) ⊂ A.
Thus A = ψ−1([s, v]). This proves that bdA(U1) ⊂ {J (s, v)}. It is easy to show that
bdA(U2)⊂ {J (s,u)}. Hence, bdA(U) has at most two points. Therefore, bdA(U) is 0-di-
mensional.
This completes the proof of Claim 14.
The following claim can be proved in a similar way as Claim 14.
Claim 15. Let s ∈ (0,1) and A= {A ∈ C(Z): J (s, s) ⊂ A⊂ J (0, s)}. Let t ∈ (0, s) ∩ R.
Then dimJ (t,s)[A] = 1.
Claim 16. There exist numbers 0 < s1 < r1 < s2 < r2 < · · ·< sn < rn < 1 and ε > 0 such
that {s1, . . . , sn, r1, . . . , rn} ⊂ R and Comp(J (si, ri), clX(N(ε, J (si , ri )))) ⊂ Z, for each
i ∈ {1, . . . , n}.
We prove Claim 16. Since dim(Cn(X)) is finite, there exists N ∈ N such that X does
not contain an N -od. Choose numbers
0 < s1 < r1 < s2 < r2 < · · ·< snN < rnN < 1
such that {s1, . . . , snN , r1, . . . , rnN } ⊂ R. Let ε > 0 be such that N(2ε, J (si , ri)) ∩
N(2ε, J (sj , rj ))= ∅, if i = j .
If there exist N numbers i1, . . . , iN such that Comp(J (sij , rij ), clX(N(ε, J (sij , rij ))))
is not contained in Z for each j ∈ {1, . . . ,N}. Then the continuum
W =Z ∪
(⋃{
Comp
(
J (sij , rij ), clX
(
N
(
ε, J (sij , rij )
)))
: j ∈ {1, . . . ,N}}
)
has the property that W − Z =⋃{Comp(J (sij , rij ), clX(N(ε, J (sij , rij ))))− Z: j ∈ {1,
. . . ,N}}. Hence, W −Z is an N -od. This contradicts the choice of N . Therefore, in each
one of the sets {1, . . . , n}, {n+ 1, . . . ,2n}, {2n+ 1, . . . ,3n}, . . . , {(N − 1)n+ 1, . . . ,Nn}
there exists an index i such that Comp(J (si, ri ), clX(N(ε, J (si , ri))))⊂Z. Thus, Claim 16
holds.
For each i ∈ {1, . . . , n}, fix a number ti ∈ (si, ri ), let Ai = J (si, ri ). Let ε > 0 as in
Claim 16. We may assume that N(2ε,Ai) ∩ N(2ε,Aj ) = ∅, if i = j . Let δ > 0 be such
that δ < ε, N(δ,J (0, si )) ∩N(δ,J (ti,1))= ∅ and N(δ,J (0, ti)) ∩N(δ,J (ri ,1))= ∅ for
each i ∈ {1, . . . , n}.
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For each i ∈ {1, . . . , n},Ai = {A ∈C(Z): J (ti, ti)⊂A⊂ J (0, ti)∩N(δ,Ai)} and Bi =
{A ∈C(Z): J (ti, ti )⊂A⊂ J (ti,1)∩N(δ,Ai)}. By Claims 14 and 15, dimJ (si,ti )[Ai] = 1
and dimJ (ti,ri )[Bi] = 1.
Let A=A1 ∪ · · · ∪An.
Claim 17. condimA[Cn(X)] 2n.
In order to prove Claim 17, according the definition of condimA[Cn(X)], we need to
propose an open set W of Cn(X), let W = BHCn(X)(δ,A).
First we prove some properties of Comp(A,W) to be able to show that dimA[Comp(A,
W)] 2n.
Given B ∈ Comp(A,W), H(A,B) < δ, so B ⊂ N(δ,A1) ∪ · · · ∪ N(δ,An) and B ∩
N(δ,Ai) = ∅, for each i ∈ {1, . . . , n}. So, B has at least n components. Since B ∈ Cn(X),
B has exactly n components B1, . . . ,Bn such that Bi ⊂N(δ,Ai) for each i ∈ {1, . . . , n}.
Given i ∈ {1, . . . , n}, let C = Comp(Bi, clX(N(δ,Ai))). If C = Comp(Ai, clX(N(δ,
Ai))), there exist two disjoint nonempty closed subsets P and Q such that clX(N(δ,Ai))=
P ∪Q, Ai ⊂ P and C ⊂Q. Let D1 = {D ∈ Comp(A,W): D ∩ clX(N(δ,Ai))⊂ P } and
D2 = {D ∈ Comp(A,W): D ∩ clX(N(δ,Ai)) ⊂Q}. As we saw in the last paragraph, if
D ∈ Comp(A,W), thenD∩clX(N(δ,Ai)) is a subcontinuum, so Comp(A,W)=D1∪D2
and D1 ∩ D2 = ∅. It is easy to show that D1 and D2 are closed in Comp(A,W). Since
A ∈D1 andB ∈D2, we obtain that Comp(A,W) is disconnected, which is a contradiction.
Therefore, C = Comp(Ai, clX(N(δ,Ai))). Thus, Bi ⊂ Comp(Ai, clX(N(δ,Ai)))⊂Z (by
the choice of ε). Hence, B ⊂Z. We have shown that, for each B ∈ Comp(A,W), B ⊂Z.
Let i ∈ {1, . . . , n} and B ∈ Comp(A,W). Let p ∈ ψ−1(si ). Then there exists a point
q ∈ Bi such that d(p,q) < δ. By the choice of δ, q /∈ J (ti,1). Since Bi ⊂ Z, q ∈
Bi ∩ψ−1([0, ti)). Similarly, Bi ∩ψ−1((ti,1]) = ∅. From the irreducibility of Z, it follows
that ψ−1(ti ) ⊂ Bi . Therefore, Bi − ψ−1(ti) = (Bi ∩ ψ−1([0, ti))) ∩ (Bi ∩ ψ−1((ti ,1]))
is a separation. Hence, (ψ−1(ti)) ∪ (Bi ∩ ψ−1([0, ti))) = Bi ∩ J (0, ti) is connected and
Bi ∩ J (ti,1) is connected. Thus Bi ∩ J (0, ti) ∈ Ai , Bi ∩ J (ti,1) ∈ Bi and Bi = (Bi ∩
J (0, ti)) ∪ (Bi ∩ J (ti,1)).
Let ϕ :A1 × · · · × An × B1 × · · · × Bn → Cn(Z) be given by ϕ(C1, . . . ,Cn,D1, . . . ,
Dn) = C1 ∪ · · · ∪ Cn ∪ D1 ∪ · · · ∪ Dn. Since J (ti, ti ) ⊂ Ci ∩ Di , Ci ∪ Di ∈ C(Z)
and ϕ(C1, . . . ,Cn,D1, . . . ,Dn) ∈ Cn(Z). From the two previous paragraphs, for each
B ∈ Comp(A,W), B = ϕ(B1 ∩ J (0, t1), . . . ,Bn ∩ J (0, tn),B1 ∩ J (t1,1), . . . ,Bn ∩
J (tn,1)). Thus Comp(A,W) ⊂ Imϕ. It is easy to show that ϕ is an embedding. Since
dimJ (si,ti )[Ai] = 1 and dimJ (ti,ri )[Bi] = 1, for each i ∈ {1, . . . , n}, dimA[Imϕ] 2n. Thus,
dimA[Comp(A,W)] 2n.
We are ready to prove that condimA[Cn(X)] 2n. Let U,U1 be open subsets of Cn(X)
such that A ∈ U1 ⊂ U ⊂W . Since dimA[Comp(A,W)] 2n, we can find an open subset
V0 of Comp(A,W) such that A ∈ V0 ⊂ clCn(X)(V0) ⊂ U1 and dim[BdComp(A,W)(V0)] 
2n − 1. Since V0 and Comp(A,W) − clComp(A,W)(V0) are separated sets in X and X
is completely normal, there exist two open disjoint subsets V2 and U2 of X such that
V0 ⊂ V2 and Comp(A,W)− clComp(A,W)(V0)⊂ U2. Let V1 be an open subset of X such
that clCn(X)(V0)⊂ V1 ⊂ clCn(X)(V1)⊂ U1. Let V = V1 ∩ V2. Then A ∈ V ⊂ clCn(X)(V)⊂
U1. Let B ∈ BdCn(X)(V) ∩ Comp(A,U) ⊂ BdCn(X)(V) ∩ Comp(A,W). Since V and
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U2 are open disjoint subsets of Cn(X), B /∈ V ∪ U2. So, B /∈ V0 ∪ (Comp(A,W) −
clComp(A,W)(V0)). Thus, B ∈ BdComp(A,W)(V0). We have shown that BdCn(X)(V) ∩
Comp(A,U)⊂ BdComp(A,W)(V0). Therefore, dim[BdCn(X)(V) ∩ Comp(A,U)] 2n− 1.
We have proved that condimA[Cn(X)] 2n.
Now, suppose that h :Cn(X)→Cm(Y ) is a surjective homeomorphism.By Lemma 12,
m condimh(A)[Cm(Y )] = condimA[Cn(X)] 2n. Therefore, m 2n.
(b) Let h :Cn(X) → Cm(Y ) be a surjective homeomorphism. Suppose that n < m.
Suppose that X contains a subcontinuum Z of type λ∗. Then there exists a monotone
map ψ :Z→[0,1] such that ψ−1(t) is a subcontinuum of Z, Z is irreducible between one
point of ψ−1(0) and one point of ψ−1(1) and ψ has the following property:
ψ−1(t)⊂ clZ
(
ψ−1
([0, t))), if 0 < t and
(∗)
ψ−1(t)⊂ clZ
(
ψ−1
(
(t,1])), if t < 1, . . . .
If 0 s < t  1, let J (s, t)=ψ−1([s, t]).
Let R, f and g be as in the proof of (a). By Claim 16, there exist numbers 0 <
s1 < r1 < s2 < r2 < · · · < sn < rn < 1 and ε > 0 such that {s1, . . . , sn, r1, . . . , rn} ⊂ R,
Comp(J (si, ri ), clX(N(ε, J (si, ri )))) ⊂ Z, N(ε,J (si , ri)) ∩N(ε,J (sj , rj )) = ∅, if i = j
and, if t1, . . . , tn are chosen points with the property ti ∈ (si , ri), for each i ∈ {1, . . . , n},
then N(ε,J (0, si )) ∩N(ε,J (ti,1))= ∅ and N(ε,J (0, ti)) ∩N(ε,J (ri ,1))= ∅, for each
i ∈ {1, . . . , n}.
For each i ∈ {1, . . . , n}, let Ai = J (si, ri ).
Claim 18. If A ∈ C(Z), then A ⊂ ψ−1(t), for some t ∈ [0,1] or A = J (s, t), for some
0 s  t  1.
In order to prove Claim 18, suppose that A ∈ C(Z) and ψ(A) = [s, t] for some
0 s < t  1. By the irreducibility of Z, Z = J (0, s)∪A∪J (t,1). Then ψ−1((s, t))⊂ A.
Since ψ−1(s) ⊂ clZ(ψ−1((s, t))) ⊂ A, ψ−1(s) ⊂ A. Similarly, ψ−1(t) ⊂ A. Therefore,
A= J (s, t).
Let A=A1 ∪ · · · ∪An. Let δ > 0 be such that δ < ε and let W = BHCn(X)(δ,A).
Proceeding as in Claim 17, the following claim can be proved.
Claim 19. For each B ∈ Comp(A,W), B ∈ Cn(Z) and B has n components B1, . . . ,Bn
such that Bi ⊂ N(ε,Ai) and Bi is of the form Bi = J (si(B), ri (B)), where si(B) < ti <
ri(B), for each i ∈ {1, . . . , n}.
Fix a number η > 0 such that η < s1, rn + η < 1 and the intervals [s1 − η, r1 +
η], . . . , [sn − η, rn + η] are pairwise disjoint. Let U be an open subset of Cn(X) such
that A ∈ U ⊂W and, for each B ∈ U and for each i ∈ {1, . . . , n}, ψ(Bi)⊂ [si − η, ri + η].
Claim 20. There exists a 2n-cell C in Cn(X) that contains Comp(A,U).
In order to prove Claim 20, let D= [s1 − η, t1] × [t1, r1 + η] × · · · × [sn − η, tn] × [tn,
rn + η] and σ :D → Cn(X) be given by σ(u1, v1, u2, v2, . . . , un, vn) = J (u1, v1) ∪
196 A. Illanes / Topology and its Applications 133 (2003) 179–198
J (u2, v2) ∪ · · · ∪ J (un, vn). Using property (∗) it is easy to prove that σ is continuous.
Moreover, σ is one-to-one. Thus C = Imσ is a 2n-cell. Finally, Comp(A,U) ⊂ C by
Claim 19.
Let B = h(A) and V = h(U).
Claim 21. Comp(B,V) has an element C with exactly m components.
In order to prove Claim 21, let ρ > 0 be such that BHYCm(Y )(ρ,B) ⊂ V . Suppose that
B = B1 ∪ · · · ∪Bk , where B1, . . . ,Bk are the components of B . We consider two cases.
Case 1. Bk is nondegenerate.
Taking an order arc from a one-point set in Bk to Bk , it follows that there exists a proper
subcontinuum D of Bk such that HY(Bk,D) < ρ. Fix points pk+1, . . . , pm ∈ Bk −D. Let
C = B1 ∪ · · · ∪ Bk−1 ∪D ∪ {pk+1, . . . , pm}. By [8, Theorem 15.3], there exists an order
arc α from C to B . It is easy to check that α ⊂ BHYCm(Y )(ρ,B). Thus α ⊂ Comp(B,V).
Therefore, C ∈ Comp(B,V).
Case 2. Bk is degenerate.
Let D be a nondegenerate subcontinuum of Y such that Bk ⊂D, HY (D,Bk) < ρ and
D ∩ (B1 ∪ · · · ∪ Bk−1) = ∅. By [8, Theorem 15.3], there exists an order arc α from B
to B ∪D. It is easy to check that α ⊂ BHYCm(Y )(ρ,B). Thus α ⊂ Comp(B,V). Therefore,
B ∪D ∈ Comp(B,V). Now, we can proceed as in Case 1 to obtain C.
Let C be as in Claim 21. Suppose that the components of C are C1, . . . ,Cm. Let ς > 0
be such that BHYCm(Y )(ς,C)⊂ V and the sets N(ς,C1), . . . .,N(ς,Cm) are pairwise disjoint.
For each j ∈ {1, . . . ,m}, let Vj = BHYCm(Y )(ς,Cj).
Claim 22. There exists j ∈ {1, . . . ,m} such that each connected element in Comp(Cj ,Vj )
is indecomposable.
Suppose, contrary to Claim 22 that for each j ∈ {1, . . . ,m}, there exists a de-
composable subcontinuum Dj of Y that belongs to Comp(Cj ,Vj ). By Lemma 10,
CompC(Y )(Dj ,Vj )= CompC(Y )(Cj ,Vj ) contains a 2-cell.
Let ϕ : CompC(Y )(C1,V1) × · · · × CompC(Y )(Cm,Vm) → BHYCm(Y )(ς,C) be given by
ϕ(F1, . . . ,Fm) = F1 ∪ · · · ∪ Fm. Clearly, ϕ is an embedding. Since Imϕ is connected
and contains C, Imϕ ⊂ Comp(C,V)= Comp(B,V). Clearly, CompC(Y )(C1,V1)× · · · ×
CompC(Y )(Cm,Vm) contains a 2m-cell. Thus, Comp(B,V) contains a 2m-cell. Therefore,
Comp(A,U) contains a 2m-cell. But, Comp(A,U) ⊂ C , C is a 2n-cell and 2n < 2m. We
have obtained a contradiction. Therefore, Claim 22 holds.
By Claim 22 and Lemma 6(b), there exist E ∈ C(X) and a neighborhood R of E in
Cn(X) such that each connected element in Comp(E,R) is indecomposable.
Let e1, . . . , en be points in different composants of E. Given i ∈ {1, . . . , n}, taking
order arcs from {ei} to E, it is possible to construct a proper subcontinuum Gi of
E such that Gi ∈ Comp(E,R). Then Comp(E,R) = Comp(Gi,R) and G1, . . . ,Gn
are pairwise disjoint. Let ϑ > 0 be such that the sets N(2ϑ,G1), . . . ,N(2ϑ,Gn) are
pairwise disjoint and BHCn(X)(2ϑ,Gi) ⊂R. Thus, for each i ∈ {1, . . . , n}, each connected
element of Comp(Gi,BHCn(X)(2ϑ,Gi)) is indecomposable. Let G = G1 ∪ · · · ∪ Gn and
R0 = BHCn(X)(ϑ,G)⊂ Cn(X).
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Claim 23. Comp(G,R0) contains an m-cell.In order to prove Claim 23, it is enough to show that Comp(h(G),h(R0)) contains an
m-cell. Proceeding as in Claim 21, there exists an element K ∈ Comp(h(G),h(R0)) such
that K contains exactly m components K1, . . . ,Km. Let α1, . . . , αm : [0,1] → Cm(Y ) be
order arcs such that, for each j ∈ {1, . . . ,m}, Kj ∈ Imαj and the elements of Imαj are
disjoint of the elements of Imαk , if j = k. Since the map from [0,1]m into Cm(Y ) given
by (u1, . . . , um) → α1(u1) ∪ · · · ∪ αm(um) is an embedding, there is an m-cell in Cm(Y )
containing K . Taking an smaller subcell, if necessary, we conclude that there is an m-cell
in Comp(h(G),h(R0)). We have proved Claim 23.
For each i ∈ {1, . . . , n}, let Ti = (Comp(Gi,clCn(X)(BHCn(X)(ϑ,Gi)))) ∩ C(X). LetT = T1×· · ·×Tn. Let γ :T → Cn(X) be given by γ (L1, . . . ,Ln)= L1∪· · ·∪Ln . Clearly,
γ is an embedding.
Claim 24. Comp(G,R0)⊂ Imγ .
In order to prove Claim 24, let M =⋃{P : P ∈ Comp(G,R0)}. By [10, Lemma 7.2],
M has at most n components. Given an element P ∈ Comp(G,R0), P ⊂ N(ϑ,G) =
N(ϑ,G1) ∪ · · · ∪N(ϑ,Gn). So, G1 ∪ · · · ∪Gn ⊂M ⊂N(ϑ,G1) ∪ · · · ∪N(ϑ,Gn). Since
N(ϑ,G1), . . . ,N(ϑ,Gn) are disjoint open subsets of X, M contains at least n components.
Hence, M has exactly n components and they are M ∩ N(ϑ,G1), . . . ,M ∩ N(ϑ,Gn).
Therefore, each set of the form M ∩ N(ϑ,Gi) is connected. So, M ∩ N(ϑ,Gi) ⊂
CompN(ϑ,Gi).
Given P ∈ Comp(G,R0), H(P,G) < ϑ . Hence, P ⊂ N(ϑ,G1) ∪ · · · ∪ N(ϑ,Gn)
and P ∩ N(ϑ,Gi) = ∅, for each i ∈ {1, . . . , n}. Since P contains at most n compo-
nents, the components of P are the sets of the form P ∩ N(ϑ,Gi). Thus, given i ∈
{1, . . . , n}, P ∩N(ϑ,Gi) is a subcontinuum of X, Notice that H(P ∩N(ϑ,Gi),Gi) < ϑ .
So, P ∩ N(ϑ,Gi) ∈ BHCn(X)(ϑ,Gi). Since P ∩ N(ϑ,Gi) ⊂ M ∩ N(ϑ,Gi) ⊂ N(ϑ,Gi),
H(P ∩ N(ϑ,Gi),M ∩ N(ϑ,Gi)) < ϑ . Thus M ∩ N(ϑ,Gi) ∈ BHCn(X)(ϑ,Gi). Let α
be an order arc from P ∩ N(ϑ,Gi) to M ∩ N(ϑ,Gi). Clearly, Imα ⊂ BHCn(X)(ϑ,Gi).
Therefore, Comp(P ∩N(ϑ,Gi),BHCn(X)(ϑ,Gi))= Comp(M ∩N(ϑ,Gi),BHCn(X)(ϑ,Gi)).
Since, this equality is true for each P ∈ Comp(G,R0). We obtain that Comp(M ∩
N(ϑ,Gi),B
H
Cn(X)
(ϑ,Gi))= Comp(G∩N(ϑ,Gi),BHCn(X)(ϑ,Gi))= Comp(Gi,BHCn(X)(ϑ,
Gi)). Thus P ∩N(ϑ,Gi) ∈ Comp(Gi,BHCn(X)(ϑ,Gi)).
Therefore, P = γ (P ∩N(ϑ,G1), . . . ,P ∩N(ϑ,Gn)) ∈ Imγ . This finishes the proof of
Claim 24.
According to Claims 23 and 24, there exists anm-cell G in T . For each i ∈ {1, . . . , n}, let
fi :T → Ti be the natural projection. Then fi(G) is a locally connected subcontinuum of
C(X) contained in Comp(Gi,BHCn(X)(2ϑ,Gi)). By Lemma 11, fi(G) is a dendrite and then
dim[fi(G)] = 1 (see [14, Theorem 10.20]). Thus dim[f1(G)× · · ·× fn(G)] n. However,
G ⊂ f1(G)× · · · × fn(G) and dim[G] =m> n. This is a contradiction that completes the
proof of the theorem. ✷
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